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Preface

There are a myriad of books about probability theory already on the market. Nonetheless, a few years ago Sergei Gelfand asked if I would write a
probability theory book for advanced undergraduate and beginning graduate students who are interested in mathematics. Ile had in mind an updated
version of the first, volume of William Feller's renowned An Introduction to
Probability Theory and Its Applications [3]. Had I been capable of doing
so, I would have loved to oblige, but, unfortunately, I am neither the mathematician that Feller was nor have I his vast reservoir of experience with
applications. Thus, shortly after I started the project, I realized that I

would not be able to produce the book that Gelfand wanted. In addition,
I learned that there already exists a superb replacement for Feller's book.
Namely, for those who enjoy combinatorics and want to see how probability

theory can be used to obtain combinatorial results, it is hard to imagine
a better book than N. Alon and J. H. Spencer's The Probabilistic Method
[1]. For these reasons, I have written instead a book that is a much more
conventional introduction to the ideas and techniques of modern probability theory. I have already authored such a book, Probability Theory, An
Analytic View [91, but that book makes demands on the reader that this
one does not. In particular, that book assumes a solid grounding in analysis, especially Lebesgue's theory of integration. In the hope that it will be
appropriate for students who lack that background, I have made this one
much more self-contained and developed the measure theory that it uses.
Chapter 1 contains my attempt to explain the basic concepts in probability theory unencumbered by measure-theoretic technicalities. After introducing the terminology, I devote the rest of the chapter to probability theory
on finite and countable sample spaces. In large part because I am such a

x
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poor combinatorialist myself, I have emphasized computations that do not
require a mastery of counting techniques. Most of the examples involve
Bernoulli trials. I have not shied away from making the same computations
several times, each time employing a different line of reasoning. My hope is
that in this way I will have made it clear to the reader why concepts like
independence and conditioning have been developed.

Many of the results in Chapter 1 are begging for the existence of a
probability measure on an uncountable sample space. For example, when
discussing random walks in Chapter 1, only computations involving a finite
number of steps can be discussed. Thus, answers to questions about recurrence were deficient. Using this deficiency as motivation, in Chapter 2 I
first introduce the fundamental ideas of measure theory and then construct
the Bernoulli measures on {0,1}Z+. Once I have the Bernoulli measures, I
obtain Lebesgue measure as the image of the symmetric Bernoulli measure
and spend some time discussing its translation invariance properties. The
remainder of Chapter 2 gives a brief introduction to Lebesgue's theory of
integration.
With the tools developed in Chapter 2 at hand, Chapter 3 explains how
Kolmogorov fashioned those tools into what has become the standard mathematical model of probability theory. Specifically, Kolmogorov's formulations
of independence and conditioning are given, and the chapter concludes with
his strong law of large numbers.
Chapter 4 is devoted to Gaussian distributions and normal random variables. It begins with Lindeberg's derivation of the central limit theorem

and then moves on to explain some of the transformation properties of
multi-dimensional normal random variables. The final topic here is centered
Gaussian families.
In the first section of Chapter 5 I revisit the topic that I used to motivate
the contents of Chapter 2. That is, I do several computations of quantities
that require the Bernoulli measures constructed in § 2.2. I then turn to a
somewhat cursory treatment of Markov chains, concluding with a discussion
of their ergodic properties when the state space is finite or countable.

Chapter 6 begins with Markov processes that are the continuous parameter analog of Markov chains. Here I also introduce transition probability functions and discuss some properties of general continuous parameter
Markov processes. The second part of this chapter contains Levy's construction of I3rownian motion and proves a few of its elementary path properties.
The chapter concludes with a brief discussion of the Ornstein--Uhlenbeck
process.

Martingale theory is the subject of Chapter 7. The first three sections
give the discrete parameter theory, and the continuous parameter theory

Preface

xi

is given in the final section. In both settings, I try to emphasize the contributions that martingale theory can make to topics treated earlier. In
particular, in the final section, I discuss the relationship between continuous
martingales and Brownian motion and give some examples that indicate how
martingales provide a bridge between differential equations and probability
theory.
In conclusion, it is clear that I have not written the book that Gelfand
asked for, but, if I had written that book, it undoubtedly would have looked
pale by comparison to Feller's. Nonetheless, I hope that, for those who read
it, the book that I have written will have some value. I will be posting an
errata file on www.ams.org/bookpages/gsm-149. I expect that this file will
grow over time.
Daniel W. Stroock

Nederland, CO

Chapter 1

Some Background
and Preliminaries

In that it is an attempt to model mathematically a phenomenon that may
or may not actually exist, probability theory is a rather peculiar subject.
If two people play a game of dice and one of them repeatedly wins, is the
explanation that the winner is "a chosen of the gods" or is there something
more that can be said? Until the late Middle Ages, most of the Westerners
who gave it any thought interpreted luck as a manifestation of an individual's standing with whatever divinity or divinities were in vogue. Since
other inexplicable phenomena were also assumed to have divine origins, this
interpretation was reasonable. On the other hand, like the biblical account
of the origins of life, attributing luck to divine sources leaves little room for
further analysis. Indeed, it is a prerogative of any self-respecting deity to be

inscrutable, and therefore one is rude, if not sinful, to subject the motives
of one's deity to detailed analysis.
Simply abandoning a divine explanation of luck does not solve the problem but only opens it to further inquiry. For instance, if one believes that
all experience is a corollary of "the laws of nature," then there is no such
thing as luck. One person wins more often than the other because "the laws
of nature" dictate that outcome. From this hyper-rational perspective, the
concept of luck is a cop-out: a crutch that need never be used if one is sufficiently diligent in one's application of "the laws of nature." Although its
origins may be strictly rational, this reason for denying the existence of luck
does little to advance one's understanding of many phenomena. Even if one
accepts Newton's laws of motion as sacrosanct, it is unlikely that one will
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ever to able to solve his equations of motion for Avogadro's number of particles, and, if one could, there is considerable doubt that one would be able

to extract useful information from the solution. Thus, replacing a divine
with a mechanistic explanation of luck only substitutes one imponderable
by another.
In the 17th century, a few Europeans introduced a wholly new way of
thinking about luck. Even the idea of thinking about luck instead of just
accepting it as a phenomenon incapable of analysis requires an entirely new

mindset. Spurred by questions posed by Chevalier de Mere (a nobleman
with a more than passing interest in gambling), Blaise Pascal (of triangular fame) and Pierre de Fermat (of conjectural fame) began formulating a
mathematical model which can be seen as the origins of what we now call the
theory of probability. Loosely speaking, their thinking was based on the idea
that, even if one cannot predict the particular outcome of something like a
game of chance, one nonetheless knows all the possible outcomes. Further,
one often has reason to believe that one knows with what probability each

outcome will occur. Hence, one can compute the probability of an event
(i.e., a collection of the possible outcomes) by adding the probabilities of
the individual outcomes making up the event. For instance, if a fair (i.e.,
unbiased) coin is tossed two times, then it is reasonable to suppose that each
of the four outcomes (H, H) (i.e., heads on both the first and second tosses),

(H, T) (i.e., heads on the first and tails on the second), (T, H), and (T, T)
is equally likely to occur. That is, each of these outcomes has probability
and the probability of the event that one T arid one II occur is therefore
+ a = 2. Alternatively, if one knows that the coin is biased and that heads
occur twice as often as tails, then one assigns the preceding list of outcomes
probabilities 4 , 9 , 9 , and 9 arid therefore the event one H and one T has
probability y .
During the period since their introduction, Pascal's and Format's ideas
have been refined and applied in venues which their authors could not have
anticipated, and the goal of this book is to provide an introduction to some
,

of these developments.

1.1. The Language of Probability Theory
Like any other topic in mathematics, probability has its own language. Because the terminology is chosen to reflect the role of probability theory as a
model of random phenomena, it sometimes differs from the choice made elsewhere in mathematics. Thus, although I assume that my readers are familiar
with most of the concepts discussed in this section, they may not imrnediately recognize the terminology that probabilists use to describe them.
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1.1.1. Sample Spaces and Events. I assume that my readers are familiar
with the rudiments of naive set theory and therefore, except for the notation
and terminology, will find here very little that is new.
Before one does anything of a set-theoretic nature, one has to specify the
universe in which one is working. In probability theory, the role of universe
is played by the sample space, often denoted by SI, which is a non-empty
set that should be thought of as the space of all possible outcomes of the
experiment or game under consideration. An element w of Q (abbreviated

by w E f) is called a sample point, and a subset A of SZ (abbreviated by
A C S2) is called an event.

Events are usually described in terms of some property that sample
points may or may not possess. To wit, if P is a property, then one writes
{w E 1 : w has property P} to denote the event that the observed outcome
has property P. To simplify the description of events, it is important to make
a judicious choice of the sample space. Above, I took the sample space for

two tosses of a coin to be III, T}2 - {(H, H), (H, T), (T) H), (T) T)}, the
set of ordered pairs whose components are either H or T, and considered
the event A determined by the occurrence of one H and one T. For many
purposes, a more clever choice would have been the set of ordered pairs
{0, 1}2 = {(1,1), (1, 0), (0, 1), (0, ())}. With the latter choice, the event that
one head and one tail occur would have been {w = (w1, w2) E {0,1 }2
:

W1 + w2 = 11 . More generally, what one looks for is a sample space on which

there are functions in terms of which interesting events are easily described.
That is, it is often useful to describe an event as {w : b"(w) E r}, where F

is a function on Sl and r is a subset of its possible values. In the future, I
will usually remove the w from such a description and will abbreviate it by

{r E r}.
Very often, one describes an event in terms of other events. Thus, if A
and B are events, then their union {tit E S : w E A or w E B}, denoted by
AU B, is the event that the outcome has either the property PA determining
A or' the property PB determining B. More generally, if {Ai : i E Z} is a
family of events indexed by the index set 1, then

U A={wEQ:wEAi forsome iEZ}.
iEI

The intersection {w c SZ : w E A and w E B} of A and B, denoted by
A n B, is the event that the outcome has both properties PA and PB. Just as
in the case of unions, this operation can be applied to a family {Ai : i E 11,
and one writes nie, Ai to denote the event

{wES: wEAi foralliEI}.
'The "or" here is non-exclusive. That is, A U B includes w's that are in both A and B.
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When the properties PA and PB are mutually exclusive and therefore AnB

0, where 0 denotes the empty set (the set having no elements), one says
that A and B are disjoint.
Writing w A to mean that the sample point w is not an element of the
event A, one defines the complement of A to be the event {w e Sl : w V Al,
denoted by AC, consisting of those outcomes for which property PA fails to
hold. In this connection, the difference, denoted by A \ B, between events
A and B is the event A n BC = {w E A : w V B1. Thus, AC SZ \ A.
Exercises 1.1.8 and 1.1.10 are about various more or less obvious relationships between these set-theoretic operations.

1.1.2. Probability Measures. Sample spaces and events have no value
unless one has a way to assign probabilities to them. Indeed, the goal of
probability theory is to provide a rational way to compute the probability
of events. Thus, there is a third, and essential, ingredient. Namely, one
wants a function P that assigns to an event the probability that it occurs.
There are three basic requirements that the function Ilb must satisfy. First,
the probability of any event must be non-negative. Second, since SZ contains all the possible outcomes and some outcome must occur, one requires
that SZ have probability 1. Third, when events A and B are disjoint, one
requires that the probability of their union be the sum of their individual
probabilities. Thus,
IPA) > 0 for all events A, P(ST) = 1,

andP(AUB)=JP(A)+IP(B)ifAnB=0.
Several additional properties follow immediately from (1.1.1). For instance, because i U f = S2 and f2 n 0 = 0, one has that
1 = P(ST) = P(SZ U 0) = P(S2) + P(0) = 1 + F(O),

and therefore P(0) = 0. Also, if A C B, then,
IP(B) = IP(A U (13 \ A)) = P(A) + P(B \ A),

and so 0 < II'(B \ A) = P(B)

- P(A). As an application, since A U B --

A U (B \ (A n B)), we have that

IPA U B) -P(A) + l(B \ (A n B)) = P(A) + P(B)

- P(A n B)

for any events A and B. Summarizing, we have shown that
P(O)=o, AcB
P(A) -5 JP(B) and IPB\A)-P(B) -IA(A),
(112)
and P(A U B) =IPA) -I-P(B) -IPA n 13).
All these properties should be seen as consistent with our goal of measuring the probability of events. In that some outcome must occur, it is
clear that the null event must have probability 0. When event B contains
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event A, it should be the more probable of the two, and the event that B
occurs but not the event A should equal the difference between the probabilities of B and A. Finally, when A f1 B zA 0, then ]F(A) +P(B) fails to take

into account that the sample points in both are getting counted twice and
therefore must be corrected by subtracting off IPA f1 B) in order to arrive
at the probability of A U B.
In addition to the preceding, one needs an extension of the additivity
property for disjoint events. Namely, by induction on n > 2, one can easily
check that
(1.1.3) P(A1 u ... U

An)

= P(A1) + - .. +

P(An)

if Ak n Ae -- 0 for k /. e.

However, one wants to know that the same additivity property holds for a
countable number of mutually disjoint events. That is, if {AA.: k > 11 is a
sequence of events, then one wants to know that
(1.1.4)

P(Ak)

P U Ak

if Ak n Ae = 0 for k

P.

k=1

Equivalently, one is insisting that P be continuous under monotone convergence. To be precise, say that the sequence of events { B7, : n > 11 increases
to the event B, denoted by B,, / B, if B,z C Bn+1 and B = U' 1 Bn. Then
(1.1.4) is equivalent to
(1.1.5)

P(Bn) / P(B) if Bn / B.

To check this equivalence, suppose Bn / B, and set Al = B1 and Ak 1 for k > 2. Then the Ak's are mutually disjoint, Bn
Ak, and
B = Uk"1 Ak. Hence, since by (1.1.3), P(B7!) _ k I'(Ak), (1.1.5) holds
13k\13k

if and only if (1.1.4) does. Similarly, say that {Bn : n > 11 decreases
to B and write Bn \, B if B,, 7 Bn+1 and B= nn, 1 Bn. Then, since

B7a\B

BnC/BC,
1 - IP(Bn) = P(BnC) / P(BC) = 1 - IP(B),

and therefore
(1.1.6)

P(Bn) \ P(B) if Bn \ B.

Finally, observe that, even if the Ak's are not mutually disjoint, nonetheless
00

00

U Ak

1: IPAk).

k=1

k l

To see this, take C1 = Al and Ck = Ak \ Uk _ 1 Aj for k > 2. 't'hen the Ck's
are mutually disjoint, and their union is the same as the union of the Ak's.

