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Foreword

Mathematical Morphology (MM) was born in 1964 through the collaboration of Georges Matheron and Jean Serra, who established its basic concepts and tools, coined the name in 1966, and set up in 1968 the “Centre de
Morphologie Mathématique” on the Fontainebleau site of the Paris School of
Mines.
MM gained a wide recognition after the publication of the three books “Random Sets and Integral Geometry” by G. Matheron (1975), “Image Analysis
and Mathematical Morphology” by J. Serra (1982), and “Image Analysis and
Mathematical Morphology, Vol. 2: Theoretical Advances” edited by J. Serra
(1988). It has now spread worldwide, with active research teams in several
countries. This led to the organization of a speciﬁc international forum for presenting the most recent advances in the ﬁeld: the International Symposium on
Mathematical Morphology (ISMM). Its ﬁrst six venues were held in Barcelona
(1993), Fontainebleau (1994), Atlanta (1996), Amsterdam (1998), Palo Alto
(2000) and Sydney (2002).
In May 2003, on the occasion of a MM day workshop of the GDR ISIS (a
French national action linking many laboratories and researchers in image processing) of the CNRS, held in Paris, it was proposed to organize the 7th ISMM
in 2005 in Paris, and to make it a celebration of the 40 years of MM. We were
pleased by the warm welcome that this proposal met among our colleagues
from all countries, so we went ahead and planned the meeting to take place in
April 2005 in Paris, just after DGCI’05 (the 12th International Conference on
Discrete Geometry for Computer Imagery) in Poitiers. We were lucky to be
able to make use of the rooms in the historical buildings of the Paris School of
Mines.
We received 62 submissions, from which 41 were accepted for oral presentation, after being reviewed by at least two independent referees. Accepted papers originate from 14 countries: Australia, Austria, Brazil, France, Germany,
Greece, Israel, Italy, Japan, Mexico, Netherlands, Portugal, Spain and United
Kingdom. Several came from “new” researchers or teams, that is, who had not
presented papers at previous ISMM’s. We are also honoured by the presence of
3 eminent guest speakers: Jean Serra himself, Jean-Marc Chassery, leader of
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the GDR ISIS of the CNRS, and member of the steering committee of DGCI,
and Olivier Faugeras, leading researcher on computer vision at INRIA, and
member of the French Academy of Sciences and of the French Academy of
Technologies.
The high quality of the papers, the variety of their topics, and the geographical diversity of their authors, show that MM is a lively research ﬁeld.
This ISMM is held in honour of Jean Serra, on the occasion of his 65th
birthday in March 2005, and these Proceedings are dedicated to the memory
of Georges Matheron, who passed away in 2000 at the age of seventy.
Christian Ronse, Laurent Najman and Etienne Decencière

Preface

This 7th ISMM has brought a wide variety of papers, whose topics generally circle around “mainstream morphology”, namely considering images as
geometrical objects, which are analysed by their interactions with predeﬁned
geometrical shapes. However, this circle is ever growing, and is extending
towards the frontiers of morphology with neighbouring specialities; we are
pleased to welcome a few papers at the interface with other aspects of imaging and computer science. Theory, methodology and practical applications are
all represented. It has been difﬁcult to sort the contributions into well-deﬁned
categories, and any classiﬁcation, like the one used to make this book, is somewhat artiﬁcial.

Operator design
The design of morphological operators remains an important topic of research. Barrera and Hashimoto show how binary decision diagrams can be
used to obtain the decomposition of a local translation-invariant operator in
terms of erosions and dilations. Lerallut et al. describe the construction of morphological operators with adaptive translation-varying structuring elements.
Beucher extends to grey-level images some set operators like the ultimate erosion or the skeleton by openings. Appleton and Talbot present an efﬁcient
algorithm for computing the opening or closing by “approximately straight”
segments. Laveau and Bernard combine morphological ﬁlters with motion
compensation, in order to process video sequences. Then Vidal et al. present
a morphological interpolation method for binary images, based on the concept
of median set.

Connected ﬁlters and reconstruction
About ten years ago emerged the idea that morphological operators can act
at the level of ﬂat zones instead of individual pixels; the basic tool for this
purpose is the geodesical reconstruction. This led to the concept of connected
ﬁlters. Ouzounis and Wilkinson propose a tree structure adapted to the implementation of attribute ﬁlters in the case where ﬂat zones are based on clus-
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tering or contraction connectivity. Terol-Villalobos and Mendiola-Santibañez
introduce a modiﬁcation of geodesic reconstruction, where the latter can be
stopped on the basis of size criteria; this is illustrated with applications in image ﬁltering and segmentation. Wilkinson generalizes connected ﬁlters thanks
to a space-attribute connectivity. Urbach et al. give a variant of attribute ﬁltering, where the attribute is not a scalar, but a vector; this leads to granulometries. Géraud presents a form of Tarjan’s union-ﬁnd algorithm dedicated
to connected operators. Buckley and Lagerstrom give an algorithm for reconstructing the labelled branches of an object from its skeleton and the associated quench function. Then Braga-Neto introduces a multi-scale connectivity
on grey-level images, based on the connectivity of threshold sets for a varying threshold. Finally Keshet investigates morphological operators on trees of
shapes (corresponding to grains and pores), in order to obtain morphological
image operators acting in the same way on bright and dark image areas.

Segmentation
At the basis of the morphological approach to segmentation stands the watershed transformation. Since then much work has been done towards building
hierarchical groupings of segmentation classes, in particular to reduce oversegmentation. A very interesting paper by Serra investigates colour spaces suitable
for segmentation, and shows in particular how one can segment a colour image by combining a luminance-based segmentation in unsaturated areas with
a chrominance-based one in saturated areas. Marcotegui and Beucher propose
a new kind of hierachical waterfall algorithm, and show how to implement it
on the basis of the minimum spanning tree of the neighbourhood graph. Najman et al. investigate the divide set produced by watershed algorithms, and
show that they give a separation in the mosaic if and only if the watershed is
obtained via a topological thinning. Bertrand proposes a new deﬁnition for the
dynamics and studies its links with minimum spanning trees. Pratikakis et al.
apply hierarchical watershed segmentation for content-based image retrieval.
Then Beare gives an algorithm implementing the locally constrained watershed
transform.

Geometry and topology
By its concern with shapes, morphology has always been linked with geometrical and topological approaches in image processing. Chassery and Coeurjolly propose new algorithms for the “convex skull”, also called “potato peeling
problem”, that is: construct a largest convex polygon inside a non-convex one.
Banon investigates metrics supporting some version of the concept of straight
line segment, and the relations between such metrics and morphological operators. Hesselink et al. give an algorithm for constructing a digital skeleton
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through an Euclidean distance transform. Stelldinger shows how to discretize
shapes whose contours have bounded curvature, in such a way as to preserve
topology. Decencière and Bilodeau propose an adaptive discretization scheme,
suited to the preservation of signiﬁcant geometrical and topological features of
the ﬁgure. Meyer studies lexicographic-type metrics that can be used in segmentation, by allowing to partition an image from a set of markers. Finally
Bloch et al. apply morphology to the formalization of the spatial relation “X is
between Y and Z”, in a fuzzy framework.

PDEs and evolutionary models
Partial differential equations (PDEs) govern scale spaces corresponding to
the evolution of a ﬁlter when the size of its kernel increases. Welk and Weickert
provide a theory for such equations for shock ﬁlters on one-dimensional signals. Maragos gives a variational interpretation of PDEs for dilation, erosion
and levelling.
From the beginning, morphology has sought to relate its operations to probabilistic models of shapes and images. Caciu et al. solve a constrained shape
optimisation problem by a combination of genetic algorithms and simulated
annealing methods. Spodarev and Schmidt use local connectivity numbers to
estimate the Minkowski functionals of realizations of a random closed set.

Texture, colour and multivalued images
Morphology has classically been applied on binary and grey-level images,
but it can also be extended to multivalued images, in particular colour ones,
and to the analysis of textures. Asano et al. introduce a new characterization of
texture based on intersize correlation of grain occurrences. Fletcher and Evans
give supervised and unsupervised texture segmentation algorithms, based on
the area pattern spectrum. Hanbury et al. investigate the use of the granulometry and the variogram for characterizing texture in colour and greyscale images,
and introduce a method for minimising the effect of varying illumination conditions. Angulo proposes a uniﬁed framework for morphological processing
of colour images in a luminance/saturation/hue representation. Brunner and
Soille study the segmentation of multi-channel images by an iterative method
based on seeded region growing and quasi-ﬂat zones. Burgeth et al. extend basic morphological operators to tensor-valued images by the use of the Loewner
ordering, illustrated on DT-MRI images.

Applications in imaging sciences
The success of an image processing theory is sooner of later veriﬁed through
its practical applications. Passat et al. segment brain arteries in MRA brain images by an interaction between watershed segmentations on MRI and MRA
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images. Naegel et al. reconstruct the liver portal vein in CT scan images by
grey-level hit-or-miss operators and topological reconstruction. Tek et al. give
an algorithm for segmenting red blood cells in microscopic blood images, by
using an area granulometry, a minimum area watershed and a circle Radon
transformation. Domingo et al. show how to calculate the mean shape of footprint images by use of morphological means. Ramos and Pina analyse images
of Portuguese granites by a classiﬁcation in feature space based on a genetic
algorithm and a nearest neighbour rule. Finally Faucon et al. investigate watershed based methods for the segmentation of horizons in seismic images.
This collection is a sample of current research topics in mathematical morphology. It shows the vitality, diversity and maturity of this ﬁeld, which attracts
an ever growing number of researchers and practitioners.
CHRISTIAN RONSE, LAURENT NAJMAN AND ETIENNE DECENCIÈRE
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FOR MORPHOLOGICAL MACHINES
Junior Barrera1 and Ronaldo Fumio Hashimoto 1
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Abstract

Mathematical Morphology (MM) is a general framework for studying mappings
between complete lattices. In particular, mappings between binary images that
are translation invariant and locally deﬁned within a window are of special interest in MM. They are called W-operators. A key aspect of MM is the representation of W-operators in terms of dilations, erosions, intersection, union,
complementation and composition. When W-operators are expressed in this
form, they are called morphological operators. An implementation of this decomposition structure is called morphological machine (MMach). A remarkable
property of this decomposition structure is that it can be represented efﬁciently
by graphs called Binary Decision Diagrams (BDDs). In this paper, we propose a
new architecture for MMachs that is based on BDDs. We also show that reduced
and ordered BDDs (ROBDDs) are non-ambiguous schemes for representing Woperators and we present a method to compute them. This procedure can be
applied for the automatic proof of equivalence between morphological operators, since the W-operator they represent are equal if and only if they have the
same ROBDD.

Keywords:

Binary Decision Diagram, Morphological Machine, Morphological Language,
Morphological Operator.

1.

Introduction

Mathematical Morphology (MM) is a theory that studies images and signals based on transformations of their shapes. These transformations can be
viewed as mappings between complete lattices [8, 13]. In particular, mappings
between binary images are of special interest in MM and they are called set
operators. A central paradigm in MM is the representation of set operators in
3
C. Ronse et al. (eds.), Mathematical Morphology: 40 Years On, 3–12.
c 2005 Springer. Printed in the Netherlands.
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terms of dilations, erosions, union, intersection, complementation and composition. This decomposition structure can be described by a formal language
called morphological language [2, 3]. Sentences of the morphological language are called morphological operators or morphological expressions. An
implementation of the morphological language is called morphological machine (MMach). The ﬁrst known MMach was the Texture Analyzer, created in
the late sixties in Fontainebleau by Serra and Klein. Nowadays, a large number
of these machines are available.
The motivation of this work comes from the search for non-ambiguous and
compact representation for a large class of operators. It is also desired that
this representation leads to efﬁcient algorithms for morphological image processing and that it satisfactorily solves the issue of determining whether two
representations are equivalent. In this context, we propose a new architecture
for MMachs implemented as software for sequential machines. This new architecture is based on the representation of Boolean functions by Binary Decision
Diagrams (BDDs) and was ﬁrst used in MM in a special algorithm to compute
the thinning operator [12].
An important class of set operators is that of W-operators, i.e., set operators
that share the properties of translation invariance and local deﬁnition within a
window. W-operators are extensively used in morphological image processing
and this family of operators is the focus of this paper. This paper extends the
use of BDD as a representation scheme for the whole class of W-operators.
The class of BDDs studied here (reduced and ordered BDDs) provides a
trivial algorithm for determining whether morphological operators are equivalent. Algorithms to convert sentences of the morphological language to this
new form of representation are also presented in this work.

2.

Binary Mathematical Morphology

In this section, we recall some basic concepts of binary MM. Let E be a
nonempty set and let P(E) denote the power set of E. Let ⊆ denote the usual
set inclusion relation. The pair (P(E), ⊆) is a complete Boolean lattice [4].
A set operator is any mapping deﬁned from P(E) into itself. The set Ψ of
all set operators inherits the complete lattice structure of (P(E), ⊆) by setting
ψ1 ≤ ψ2 ⇔ ψ1 (X) ⊆ ψ2 (X), ∀ψ1 , ψ2 ∈ Ψ, ∀X ∈ P(E). Let X, Y ∈ P(E).
The operations X ∪ Y , X ∩ Y and X\Y , X c are the usual set operations of
union, intersection, difference and complementation, respectively.
Let (E, +) be an Abelian group with zero element o ∈ E, called origin. Let
h ∈ E and X, B ⊆ E. The set Xh , deﬁned by Xh = {x + h : x ∈ X}, is
the translation of X by h. The set X t = {−x : x ∈ X} is the transpose of
X. The set operations X ⊕ B = ∪b∈B Xb and X B = ∩b∈B X−b are the
Minkowski addition and Minkowski subtraction, respectively.

BDDs as a New Paradigm for MMachs Architecture

5

A set operator ψ is called translation invariant (t.i.) if and only if, ∀h ∈
E, ∀X ∈ P(E), ψ(Xh ) = ψ(X)h .
Let W be a ﬁnite subset of E. A set operator ψ is called locally deﬁned
(l.d.) within a window W if and only if, ∀h ∈ E, ∀X ∈ P(E), h ∈ ψ(X) ⇔
h ∈ ψ(X ∩ Wh ).
Let ΨW denote the collection of all t.i. operators that are also l.d. within a
window W . The elements of ΨW are called W-operators. The pair (ΨW , ≤)
constitutes a sub-lattice of the lattice (Ψ, ≤) [3]. Furthermore, (ΨW , ≤) is
isomorphic to the complete Boolean lattice (P(P(E)), ⊆), since the mapping
KW : ΨW → P(P(E)) deﬁned by KW (ψ) = {X ∈ P(W ) : o ∈ ψ(X)}, is
bijective and preserves the partial order [3]. The set KW (ψ) is the Kernel of
the set operator ψ.

3.

Morphological Language

In this section, we recall the main concepts of MM from the viewpoint of
a formal language. Let ψ1 , ψ2 ∈ Ψ. The supremum ψ1 ∨ ψ2 and inﬁmum
ψ1 ∧ ψ2 operations are deﬁned by (ψ1 ∨ ψ2 )(X) = ψ1 (X) ∪ ψ2 (X) and
(ψ1 ∧ ψ2 )(X) = ψ1 (X) ∩ ψ2 (X), ∀X ∈ P(E). They can be generalized
as (∨i∈I ψi )(X) = ∪i∈I ψ(X) and (∧i∈I ψi )(X) = ∩i∈I ψ(X), where I is a
ﬁnite set of indices. The composition operator ψ2 ψ1 is given by (ψ2 ψ1 )(X) =
ψ2 (ψ1 (X)), ∀X ∈ P(E).
The set operators ı and ν deﬁned by ı(X) = X and ν(X) = X c , ∀X ∈
P(E), are called, respectively, the identity and negation operators. These operators are l.d. within the window {o}. The dual of an operator ψ ∈ Ψ, denoted
ψ ∗ , is deﬁned by ψ ∗ (X) = (ψ(X c ))c , ∀X ∈ P(E). Note that ψ ∗ = νψν.
For any h ∈ E, the set operator τh deﬁned by τh (X) = Xh , ∀X ∈ P(E),
is called translation operator by h. This operator is l.d. within the window
{−h}. For a t.i. set operator ψ, τh ψ = ψττh .
Let B ∈ P(E) be ﬁnite. The t.i. set operators δB and εB deﬁned by
δB (X) = X ⊕B and ε(X) = X B, ∀X ∈ P(E), are the dilation and erosion
by the structuring element B. These set operators are l.d. within the window
B t and B, respectively. One can also write δB = ∨b∈B τb and εB = ∧b∈B τ−b .
The following proposition, proved by Barrera and Salas [3], gives some
properties of W-operators.

Proposition 1 If ψ, ψ1 and ψ2 are set operators l.d. within windows W ,
W1 and W2 , respectively, then they have the following properties: (1) ψ is l.d.
W2 ;
within any window W  ⊇ W ; (2) ψ1 ∧ψ2 and ψ1 ∨ψ2 are l.d. within W1 ∪W
(3) ψ2 ψ1 is l.d. within W1 ⊕ W2 .
The following corollary gives some properties of W-operators that are particular case of Property 3 of Proposition 1.

